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In this paper, He’s variational approach is applied to the nonlinear oscillators with
discontinuities. We conclude that the method is very effective, accurate and convenient.
Moreover, the approximate solutions obtained are uniformly valid for both small
parameters and large parameters.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The present paper considers the following general nonlinear oscillators with discontinuous terms [1]:
u′′ + f (u) = 0, u(0) = A, u′(0) = 0. (1)
Here f is a known discontinuous function.
To handle the nonlinear problems, many new mathematical methods have appeared in open literatures recently,
for instance, δ-perturbation method [2,3], energy balance method [4,5], variational iteration method [6–12], homotopy
perturbation method [13–22], bookkeeping parameter perturbation method [23,24], and modified Lindstedt–Poincare
method [25–27]. A review on lately developed nonlinear analytical methods can be found in detail in Refs. [28–30]. In this
paper, we will show how to solve the problems of nonlinear oscillators with discontinuous terms by a new variational
approach proposed by He [31], which is an easy, effective and convenient mathematical tool for nonlinear oscillators.
2. Solution procedures
Using the semi-inverse method [32,33], we can easily establish a variational functional for Eq. (1):
J (u) =
∫ T
0
{
−1
2
u′2 + F (u)
}
dt, (2)
where T is period of the nonlinear oscillator, ∂F/∂u = f .
We assume that its approximate solution can be expressed as
u (t) = A cosωt. (3)
where A and ω are the amplitude and frequency of the oscillator, respectively.
Substituting (3) into (2) results in
J (A, ω) =
∫ T
0
{
−1
2
A2ω2 sin2 ωt + F (A cosωt)
}
dt
= 1
ω
∫ 2pi
0
{
−1
2
A2ω2 sin2 t + F (A cos t)
}
dt. (4)
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According to the Ritz method, we should set ∂ J/∂A = 0 and ∂ J/∂ω = 0 to identify A and ω. But such an approach is
not valid for nonlinear oscillator. In Ref. [31], He gave a very lucid as well as elementary discussion of invalidity of the Ritz
method. In particular, He used unheard-of simple procedure to arrive at surprisingly accurate prediction of the relationship
between the frequency and amplitude of a nonlinear oscillator. According to J.H. He [31], to identify ω it requires
∂ J
∂A
= 0, (5)
from which the relationship between the amplitude and frequency of the oscillator can be obtained.
Example 1. Let us consider the following nonlinear oscillator with discontinuity
u′′ + u+ εu |u| = 0, u(0) = A, u′(0) = 0. (6)
According to (4), its variational formulation can be readily obtained as follows:
J (A, ω) =
∫ T
0
{
−1
2
A2ω2 sin2 ωt + F (A cosωt)
}
dt
= 1
ω
∫ 2pi
0
{
−1
2
A2ω2 sin2 t + F (A cos t)
}
dt
= 1
ω
∫ pi/2
0
{
−1
2
A2ω2 sin2 t + A
2 cos2 t
2
+ εA
3 cos3 t
3
}
dt
+ 1
ω
∫ 2pi
3pi/2
{
−1
2
A2ω2 sin2 t + A
2 cos2 t
2
+ εA
3 cos3 t
3
}
dt
+ 1
ω
∫ 3pi/2
pi/2
{
−1
2
A2ω2 sin2 t + A
2 cos2 t
2
− εA
3 cos3 t
3
}
dt. (7)
According to Ref. [31], we require
∂ J
∂A
= 0. (8)
The stationary condition with respect to A reads∫ 2pi
0
{−Aω2 sin2 t + A cos2 t} dt + ε {∫ pi/2
0
A2 cos3 tdt +
∫ 2pi
3pi/2
A2 cos3 tdt −
∫ 3pi/2
pi/2
A2 cos3 tdt
}
= 0. (9)
From (9), we have
ω2 =
∫ 2pi
0 cos
2 tdt + ε
{∫ pi/2
0 A cos
3 tdt + ∫ 2pi3pi/2 A cos3 tdt − ∫ 3pi/2pi/2 A cos3 tdt}∫ 2pi
0 sin
2 tdt
, (10)
or
ω =
√
1+ 8εA
3pi
. (11)
The above result is in good agreement with the solution obtained by the homotopy perturbation in Ref. [18].
Example 2. This example considers the following equation
u′′ + βu3 + εu |u| = 0, u(0) = A, u′(0) = 0. (12)
Its variational formulation reads:
J (A, ω) =
∫ T
0
{
−1
2
A2ω2 sin2 ωt + F (A cosωt)
}
dt
= 1
ω
∫ 2pi
0
{
−1
2
A2ω2 sin2 t + F (A cos t)
}
dt
= 1
ω
∫ pi/2
0
{
−1
2
A2ω2 sin2 t + βA
4 cos4 t
4
+ εA
3 cos3 t
3
}
dt
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+ 1
ω
∫ 2pi
3pi/2
{
−1
2
A2ω2 sin2 t + βA
4 cos4 t
4
+ εA
3 cos3 t
3
}
dt
+ 1
ω
∫ 3pi/2
pi/2
{
−1
2
A2ω2 sin2 t + βA
4 cos4 t
4
− εA
3 cos3 t
3
}
dt. (13)
Setting
∂ J
∂A
= 0 (14)
we have∫ 2pi
0
{−Aω2 sin2 t + A3 cos4 t} dt + ε {∫ pi/2
0
A2 cos3 tdt +
∫ 2pi
3pi/2
A2 cos3 tdt −
∫ 3pi/2
pi/2
A2 cos3 tdt
}
= 0. (15)
From (9), we obtain
ω2 =
∫ 2pi
0 cos
2 tdt + ε
{∫ pi/2
0 βA
2 cos4 tdt + ∫ 2pi3pi/2 A cos3 tdt − ∫ 3pi/2pi/2 A cos3 tdt}∫ 2pi
0 sin
2 tdt
, (16)
or
ω =
√
3βA2
4
+ 8εA
3pi
. (17)
The above result is in good agreement with the result obtained by [34]
Example 3. Finally consider the following nonlinear oscillator
u′′ + sign(u) = 0, u(0) = A, u′(0) = 0, (18)
where sign(u) is defined by
sign(u) =
{
1, u > 0
−1, u < 0.
Its variational formulation can be easily attained as follows:
J (A, ω) =
∫ T
0
{
−1
2
A2ω2 sin2 ωt + F (A cosωt)
}
dt
= 1
ω
∫ 2pi
0
{
−1
2
A2ω2 sin2 t + F (A cos t)
}
dt
= 1
ω
∫ pi/2
0
{
−1
2
A2ω2 sin2 t + A cos t
}
dt + 1
ω
∫ 2pi
3pi/2
{
−1
2
A2ω2 sin2 t + A cos t
}
dt
+ 1
ω
∫ 3pi/2
pi/2
{
−1
2
A2ω2 sin2 t − A cos t
}
dt. (19)
By a similar manipulation as illustrated in the previous examples, we require
∂ J
∂A
= 0, (20)
which results in∫ 2pi
0
−Aω2 sin2 tdt +
∫ pi/2
0
A cos tdt +
∫ 2pi
3pi/2
A cos tdt −
∫ 3pi/2
pi/2
A cos tdt = 0. (21)
From (21), we have
ω2 =
∫ pi/2
0 cos tdt +
∫ 2pi
3pi/2 cos tdt −
∫ 3pi/2
pi/2 cos tdt∫ 2pi
0 A sin
2 tdt
, (22)
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or
ω = 2√
piA
. (23)
Comparingwith results obtained by the homotopy perturbation reported in Ref. [35], the above result is of high accuracy.
3. Conclusions
He’s variational approach, for the first time, was applied to nonlinear oscillators with discontinuities. We demonstrated
the accuracy and easiness of the method by solving some examples and comparing with other methods. The discontinuous
function will not affect the effectiveness and convenience of the method. Moreover, we showed that the obtained solutions
are valid for the whole domain.
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